Propriétés en échantillon fini des tests robustes à l'hétéroscédasticité de forme inconnue by Emmanuel Flachaire
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❡①♦❣ ♥❡ ✱ ❞❛♥  ❧❡  ❡♥  ♦ ✱ ♣♦✉   ♦✉  t✱ ❝❡   ❧ ♠❡♥    ♦♥  ✐♥❞ ♣❡♥❞❛♥   ❞✉  ❡ ♠❡ ❞✬❡  ❡✉ 
ut = σtεt✳ ▲❡ ✈❡❝ ❡✉  ❞❡  ♣❛ ❛♠   ❡  β✱ ❞❡ ❞✐♠❡♥ ✐♦♥ k✱ ❡   ✐♥❝♦♥♥✉ ❛✐♥ ✐  ✉❡ ❧❡  ✈❛ ✐❛♥❝❡ 
❞❡  ❛❧ ❛  σ2
t✱ ♣♦✉  t = 1,...,n ♦  n ❡   ❧❛  ❛✐❧❧❡ ❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥✳ ❊♥ ♣   ❡♥❝❡ ❞✬❤    ♦ ❝ ❞❛ ✲
 ✐❝✐  ✱ ❧✬❡  ✐♠❛ ❡✉  ▼❈❖ ❞❡ ❧❛ ♠❛  ✐❝❡ ❞❡ ❝♦✈❛ ✐❛♥❝❡ ❞❡  ♣❛ ❛♠   ❡  ❡  ✐♠   ❡   ❡♥ ❣ ♥  ❛❧
❜✐❛✐   ❡  ♥♦♥✲❝♦♥✈❡ ❣❡♥ ✳ ❉❡ ❝❡ ❢❛✐ ✱ ❧❡   ❡    ❜❛    ❞❡  ✉  ♥❡  ♦♥  ♣❧✉  ✈❛❧✐❞❡ ✳
❚❡   ❛ ②♠♣ ♦ ✐ ✉❡
❊✐❝❦❡  ✭✶✾✻✸✮ ❡  ❲❤✐ ❡ ✭✶✾✽✵✮ ♦♥  ♣ ♦♣♦   ✉♥ ❡  ✐♠❛ ❡✉   ♦❜✉  ❡   ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❞❡
❢♦ ♠❡ ✐♥❝♦♥♥✉❡✱ ♦✉ ❍❈❈▼❊ ✭❍❡ ❡ ♦ ❦❡❞❛  ✐❝✐ ② ❈♦♥ ✐  ❡♥  ❈♦✈❛ ✐❛♥❝❡ ▼❛  ✐① ❊  ✐♠❛ ♦  ✮✱







♦  b Ω ❡   ✉♥❡ ♠❛  ✐❝❡ ❞✐❛❣♦♥❛❧❡✱ ❞❡  ❛✐❧❧❡ n × n✱  ✉✐ ❛ ♣♦✉   ❧ ♠❡♥   ②♣❡ a2
tb u2
t✱ ♦  b ut ❡   ❧❡
   ✐❞✉ ❞✬✉♥❡ ❡  ✐♠❛ ✐♦♥ ♣❛  ▼❈❖ ❞✉ ♠♦❞ ❧❡ ✭✶✮✳ ▼❛❝❑✐♥♥♦♥ ❡  ❲❤✐ ❡ ✭✶✾✽✺✮ ❝♦♥ ✐❞  ❡♥ 
♣❧✉ ✐❡✉   ❢♦ ♠❡  ❞✐✛  ❡♥ ❡  ❞✉ ❍❈❈▼❊ ❡  ♠♦♥  ❡♥   ✉✬❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐ ❧❡   ❡    ❜❛   
❞❡  ✉  ♣❡✉✈❡♥     ❡      ♣❡✉ ✜❛❜❧❡ ✱ ♠ ♠❡ ❧♦   ✉✬♦♥ ❞✐ ♣♦ ❡ ❞✬✉♥ ♥♦♠❜ ❡ ✐♠♣♦  ❛♥  ❞❡
❞♦♥♥ ❡ ✳ ❈❤❡ ❤❡  ❛♥❞ ❏❡✇✐   ✭✶✾✽✼✮ ♠♦♥  ❡♥   ✉❡ ❝❡ ♣ ♦❜❧ ♠❡ ❡   ❧❛ ❣❡♠❡♥  ❞    ❧❛    ✉❝ ✉ ❡
❞❡    ❣ ❡  ❡✉  ✱ ♥♦ ❛♠♠❡♥    ❧❛ ♣   ❡♥❝❡ ❞✬♦❜ ❡ ✈❛ ✐♦♥  ✐♥✢✉❡♥ ❡  ♦✉   ❢♦   ❡✛❡   ❞❡ ❧❡✈✐❡ 
✭❉❛✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✶✾✾✸✱ ❝❤❛♣✐  ❡ ✶✱ ♦✉ ✷✵✵✸✱ ❝❤❛♣✐  ❡ ✷✮✳ ◆♦✉  ♥♦ ❡ ♦♥  ❧❛ ❢♦ ♠❡
 ✐♠♣❧❡ ❞✉ ❍❈❈▼❊✱  ❡❧❧❡  ✉✬❡❧❧❡ ❛     ♣ ♦♣♦  ❡ ♣❛  ❊✐❝❦❡  ✭✶✾✻✸✮ ❡  ❲❤✐ ❡ ✭✶✾✽✵✮✱ HC0✱ ❡ 
❧❡  ❢♦ ♠❡  ❛❧ ❡ ♥❛ ✐✈❡  ♣ ♦♣♦  ❡  ♣❛  ▼❛❝❑✐♥♥♦♥ ❡  ❲❤✐ ❡ ✭✶✾✽✺✮✱ HC1✱ HC2 ❡  HC3 ✿








HC3 : at =
1
1 − ht
♦  ht ≡ Xt(X⊤X)−1X⊤
t ❡   ❧❡ t ♠❡  ❧ ♠❡♥  ❞❡ ❧❛ ♠❛  ✐❝❡ ❞❡ ♣ ♦❥❡❝ ✐♦♥ ♦  ❤♦❣♦♥❛❧❡  ✉ 
❧✬❡ ♣❛❝❡ ❡♥❣❡♥❞   ♣❛  ❧❡  ❝♦❧♦♥♥❡  ❞❡ X✳ ▼❛❝❑✐♥♥♦♥ ❡  ❲❤✐ ❡ ✭✶✾✽✺✮✱ ❈❤❡ ❤❡  ❡  ❏❡✇✐  
✭✶✾✽✼✮ ❡  ▲♦♥❣ ❡  ❊ ✈✐♥ ✭✷✵✵✵✮ ♠♦♥  ❡♥   ✉✬❡♥  ❡ ♠❡ ❞❡ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉✱ HC0 ❡  
♠♦✐♥  ♣❡ ❢♦ ♠❛♥   ✉❡ HC1✱    ♦♥  ♦✉  ♠♦✐♥  ♣❡ ❢♦ ♠❛♥   ✉❡ HC2 ❡  HC3✳ ▲✬✉♥❡ ❞❡ ❝❡ 
❞❡✉① ❞❡ ♥✐  ❡  ✈❡  ✐♦♥  ♥✬❡   ♣❛  ♠❡✐❧❧❡✉ ❡  ✉❡ ❧✬❛✉  ❡ ❞❛♥   ♦✉  ❧❡  ❝❛ ✱ ♠ ♠❡  ✐ ❧❛ ✈❡ ✲
 ✐♦♥ HC3  ✬❡   ♠♦♥   ❡ ♣❧✉  ♣❡ ❢♦ ♠❛♥ ❡ ❞❛♥  ✉♥ ❝❡  ❛✐♥ ♥♦♠❜ ❡ ❞✬❡①♣  ✐❡♥❝❡  ▼♦♥ ❡ ❈❛ ❧♦✳
❚❡   ❜♦♦    ❛♣
▲❡ ♣ ✐♥❝✐♣❡ ❞✉ ❜♦♦    ❛♣ ❝♦♥ ✐  ❡   ❝♦♥   ✉✐ ❡ ✉♥ ♣ ♦❝❡  ✉  ❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡  ✭ ●❉✮
❛  ✐✜❝✐❡❧✱ ❛♣♣❡❧   ●❉ ❜♦♦    ❛♣✱ ❡♥  ❡♠♣❧❛ ❛♥  ❧❡  ♣❛ ❛♠   ❡  ❡  ❞✐   ✐❜✉ ✐♦♥  ❞❡ ♣ ♦❜❛❜✐❧✐✲
✸    ✐♥❝♦♥♥✉❡  ❞❛♥  ❧❡ ♠♦❞ ❧❡✱ ♣❛  ❞❡  ❡  ✐♠❛ ✐♦♥  ❡♠♣✐ ✐ ✉❡  ❞❡ ❝❡  ❞❡ ♥✐❡  ✳ ▲❛ ❞✐   ✐❜✉ ✐♦♥
❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡    ♦✉  ❝❡  ●❉ ❡   ❛♣♣❡❧ ❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣✱ ❡❧❧❡ ❡   ✉ ✐❧✐  ❡ ❝♦♠♠❡ ❧♦✐
♥♦♠✐♥❛❧❡ ♣♦✉  ❝❛❧❝✉❧❡  ✉♥  ❡✉✐❧ ❝ ✐ ✐ ✉❡ ♦✉ ✉♥❡ P✲✈❛❧✉❡✱ ✈♦✐  ❍♦ ♦✇✐ ③ ✭✶✾✾✼✱ ✷✵✵✵✮✳
❙✐ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡   ❞❡ ❢♦ ♠❡ ✐♥❝♦♥♥✉❡✱ ❡❧❧❡ ♥❡ ♣❡✉  ♣❛     ❡  ❡♣ ♦❞✉✐ ❡ ❞❛♥  ❧❡  ●❉
❜♦♦    ❛♣✳ ▲❡ ✇✐❧❞ ❜♦♦    ❛♣✱ ✐♥  ♦❞✉✐  ♣❛  ❲✉ ✭✶✾✽✻✮ ❡  ❇❡ ❛♥ ✭✶✾✽✻✮✱ ♣❡ ♠❡  ❞❡ ♣❛❧❧✐❡  ❝❡
♣ ♦❜❧ ♠❡ ❡♥ ❝♦♥ ✐❞  ❛♥  ❧❡  ●❉ ❜♦♦    ❛♣  ✉✐✈❛♥  ✿
y
⋆




t ∼ G(0,1) ✭✸✮
♦  e β ❡   ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♣❛ ❛♠   ❡  ❡  e ut ❧❡    ✐❞✉✱ ✐  ✉  ❞✬✉♥❡ ❡  ✐♠❛ ✐♦♥ ♣❛  ▼❈❖ ❞✉
♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❞❛♥  ❧❡ ✉❡❧ ♦♥ ✐♠♣♦ ❡ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✱ ❛♣♣❡❧  ❧❡ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥ ✳
▲❡ ♣❛ ❛♠   ❡ at ♣❡✉  ♣ ❡♥❞ ❡ ❧❛ ❢♦ ♠❡ HC0✱ HC1✱ HC2 ♦✉ HC3 ♠ ♠❡  ✬✐❧ ❡    ♦✉✈❡♥ 
♣   ❡♥   ❞❛♥  ❧❛ ❧✐   ❛ ✉ ❡ ❛✈❡❝ ❧❛ ❢♦ ♠❡ HC2✳  ♦✉   ✉❡ ❧❡ ❜♦♦    ❛♣  ♦✐  ✈❛❧✐❞❡✱ ✐❧ ❢❛✉   ✉❡
❧❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ❞❡ ε⋆
t  ✬❡✛❡❝ ✉❡   ♣❛  ✐  ❞✬✉♥❡ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥  ✉❡❧❝♦♥ ✉❡ G





+1 ❛✈❡❝ ❧❛ ♣ ♦❜❛❜✐❧✐   1/2
−1 ❛✈❡❝ ❧❛ ♣ ♦❜❛❜✐❧✐   1/2.
✭✹✮
❉❛✈✐❞ ♦♥ ❡  ❋❧❛❝❤❛✐ ❡ ✭✷✵✵✶✮ ♦♥  ♠♦♥   ✱  ✉  ❧❛ ❜❛ ❡ ❞❡ ❞ ✈❡❧♦♣♣❡♠❡♥    ❤ ♦ ✐ ✉❡  ❡  ❞❡  ✐✲
♠✉❧❛ ✐♦♥ ✱  ✉❡ ❝❡  ❡ ❧♦✐ ❜✐✲❛ ♦♠✐ ✉❡ ❞♦♥♥❡ ❞❡  ♣❡ ❢♦ ♠❛♥❝❡   ♦✉❥♦✉    ✉♣  ✐❡✉ ❡  ❛✉① ❛✉  ❡ 
❝❤♦✐① ❞❡ G ♣ ♦♣♦    ❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡✳ ▲❡  ❡①♣  ✐❡♥❝❡  ❞❡ ●♦❞❢ ❡② ❡  ❖ ♠❡ ✭✷✵✵✶✮ ❡  ❞❡
▼❛❝❑✐♥♥♦♥ ✭✷✵✵✷✮ ❝♦♥✜ ♠❡♥  ❝❡    ✉❧ ❛ ✳
▲❛ ❧♦✐ ❜♦♦    ❛♣ ❡   ❧❛ ❞✐   ✐❜✉ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡    ♦✉  ❧❡  ●❉ ❜♦♦    ❛♣✳ ❊❧❧❡
♣❡✉     ❡ ❛♣♣ ♦①✐♠ ❡ ♣❛   ✐♠✉❧❛ ✐♦♥ ✳ ❈❡  ❡ ❧♦✐ ❡   ❛❧♦   ✉ ✐❧✐  ❡ ❝♦♠♠❡ ❧♦✐ ♥♦♠✐♥❛❧❡ ♣♦✉ 
❝❛❧❝✉❧❡  ✉♥  ❡✉✐❧ ❝ ✐ ✐ ✉❡ ♦✉ ✉♥❡ P✲✈❛❧✉❡ ❜♦♦    ❛♣✱ ✈♦✐  ❋❧❛❝❤❛✐ ❡ ✭✷✵✵✵✮ ♣♦✉  ♣❧✉  ❞❡ ❞  ❛✐❧ ✳
✸ ❉❡ ❝ ✐♣ ✐♦♥ ❞✉ ♠♦❞ ❧❡
❖♥ ❝♦♥ ✐❞  ❡ ❧❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡  ✉✐✈❛♥ 
yt = β0 + β1x1t + β2x2t + σtεt ✭✺✮
♦  ❧❡  ✈ ❛✐❡  ✈❛❧❡✉   ❞❡  ♣❛ ❛♠   ❡   ♦♥  β0 = β1 = β2 = 0✱ ❡  εt ❡   ✉♥ ❜ ✉✐  ❜❧❛♥❝ ◆♦ ♠❛❧
N(0,1)✳ ▲❛  ✉❛♥ ✐    ✉✐ ❢❛✐  ❧✬♦❜❥❡  ❞❡ ❧✬  ✉❞❡ ❡   ✉♥❡   ❛ ✐  ✐ ✉❡ τ ❞❡  ②♣❡ ❙ ✉❞❡♥ ✱ ❜❛  ❡





1 M2b ΩM2x1)1/2 ✭✻✮




n)✱ ❛✈❡❝ at ❝♦  ❡ ♣♦♥❞❛♥    ✉♥❡ ❞❡    ❛♥ ❢♦ ♠❛ ✐♦♥  HC0✱ HC1✱
HC2 ❡  HC3✱ ❡  b ut ❡   ❧❡    ✐❞✉ ✐  ✉ ❞✬✉♥❡ ❡  ✐♠❛ ✐♦♥ ▼❈❖ ❞✉ ♠♦❞ ❧❡ ✭✺✮✳  ❛  ❛✐❧❧❡✉  ✱
M2 = I −X2(X⊤
2 X2)−1X⊤
2 ✱ ♦  X2 = [ι x2] ❡   ✉♥❡ ♠❛  ✐❝❡  ❡❣ ♦✉♣❛♥  ❧❡ ✈❡❝ ❡✉  ❝♦♥  ❛♥  ❡ 
❧❡   ❣ ❡  ❡✉  x2✳
▲✬❡①♣ ❡  ✐♦♥ ✭✻✮ ❡   ✐♥✈❛ ✐❛♥ ❡ ♣❛   ❛♣♣♦     β0✱ β1✱   ❧✬ ❝❤❡❧❧❡ ❞❡  ✈❛ ✐❛♥❝❡  ❞❡  ❛❧ ❛ ✱
  ❧✬ ❝❤❡❧❧❡ ❞❡    ❣ ❡  ❡✉   ❡    ❧❛ ✈❛❧❡✉  ❞❡ β1  ♦✉  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✳  ❛  ❝♦♥   ✉❡♥ ✱ ❧❡ 
   ✉❧ ❛   ❞❡   ✐♠✉❧❛ ✐♦♥  ♥❡  ❡ ♦♥  ♣❛   ❡♥ ✐❜❧❡  ❛✉① ❝❤♦✐① ❞❡ ❝❡  ❝❛ ❛❝   ✐  ✐ ✉❡  ❞✉ ♠♦❞ ❧❡✳
 ❛  ❝♦♥  ❡✱ ❧❡  ❝❤♦✐① ❞❡ ❧❛ ❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡  ❞❡    ❣ ❡  ❡✉   ♣❡✉✈❡♥  ❛✛❡❝ ❡ 
 ❡♥ ✐❜❧❡♠❡♥  ❧❡     ✉❧ ❛  ✳ ▲❡ ♠♦❞ ❧❡  ❡ ❡♥✉ ❡   ❧❡ ♣❧✉  ❣ ♥❛♥  ♣♦  ✐❜❧❡ ♣♦✉  ❧❡   ❡     ♦❜✉  ❡ 
  ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ✿ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡   ✉♥❡ ❢♦♥❝ ✐♦♥ ❞❡    ❣ ❡  ❡✉  ✱ σt = |x1t|✱ ❡  ❧❡ 
  ❣ ❡  ❡✉   ❝♦♥ ✐❡♥♥❡♥  ❞❡  ♦❜ ❡ ✈❛ ✐♦♥    ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡ ✳  ♦✉  ❝♦♥   ❧❡  ❧✬❡✛❡  ❞❡ ❧❡✈✐❡ ✱
♥♦✉  ❝♦♥❞✉✐ ♦♥  ♣❧✉ ✐❡✉   ❡①♣  ✐❡♥❝❡  ♦  ❧❡    ❣ ❡  ❡✉    ♦♥  ❣ ♥     ❞❡ ❞✐✛  ❡♥ ❡  ♠❛♥✐  ❡  ✿
 ♦✐  ✉♥  ✐ ❛❣❡ η ❞❡ ❧❛ ❧♦✐ N(0,1)✱ ✉♥❡   ❛❧✐ ❛ ✐♦♥ ❞❡    ❣ ❡  ❡✉   x1t ♦✉ x2t ❡   ❞♦♥♥  ♣❛ 
❧❛ ❢♦ ♠✉❧❡ κη✳ ■❧ ❡   ❝❧❛✐   ✉❡ ♣♦✉  κ = exp(1)✱ ❧❡    ❣ ❡  ❡✉    ♦♥  ❣ ♥      ❡❧♦♥ ❧❛ ❧♦✐
▲♦❣♥♦ ♠❛❧❡ ❡  ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  ❡   ✐♠♣♦  ❛♥ ✳  ❛  ❝♦♥  ❡✱ ♣♦✉  κ ♣ ♦❝❤❡ ❞❡ 1 ❧❡    ❣ ❡  ❡✉  
 ♦♥  ❤♦♠♦❣ ♥❡ ✳ ▲✬❡✛❡  ❞❡ ❧❡✈✐❡  ❡   ❞✬❛✉ ❛♥  ♣❧✉  ❢❛✐❜❧❡  ✉❡ ❧❛ ✈❛❧❡✉  ❞❡ κ ❡   ♣ ♦❝❤❡ ❞❡ 1✱
✐❧ ❡   ❞✬❛✉ ❛♥  ♣❧✉  ❢♦    ✉❡ ❧❛ ✈❛❧❡✉  ❞❡ κ ❡   ❣ ❛♥❞❡✳ ❉❛♥  ♥♦  ❡①♣  ✐❡♥❝❡ ✱ ♥♦✉  ✉ ✐❧✐ ♦♥ 
κ = 1.1,1.2,...,2.6,exp(1),2.8,2.9,...,3.5✳
▲✬❛❧❣♦ ✐ ❤♠❡ ✉ ✐❧✐   ❡   ❧❡  ✉✐✈❛♥  ✿
✶✳ ❖♥ ❞ ✜♥✐  ❧❛  ❛✐❧❧❡ ❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥ n✱ ❧❡ ♥♦♠❜ ❡ ❞❡   ♣  ✐ ✐♦♥  N ❡  ❧❡  ✈ ❛✐❡  ✈❛❧❡✉  
❞❡  ♣❛ ❛♠   ❡ ✳ ❖♥ ❣ ♥  ❡ ❧❡    ❣ ❡  ❡✉  ✱ ♣✉✐  ❧❛ ✈❛ ✐❛♥❝❡ ❞❡  ❛❧ ❛  σ2
t✳
✷✳ ❖♥ ❣ ♥  ❡ n ❛❧ ❛  εt✱ ♣✉✐  n ✈❛❧❡✉   ❞❡ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡ y∗
t   ♣❛  ✐  ❞✉ ✈ ❛✐  ●❉
❞ ✜♥✐  ❛✉ ♣  ❛❧❛❜❧❡ ✿ y∗
t = σtεt✳
✸✳  ♦✉  ❧✬ ❝❤❛♥ ✐❧❧♦♥  ✐♠✉❧  (y∗
t,x1t,x2t)✱ ♦♥ ❡  ✐♠❡ ❧❡ ♠♦❞ ❧❡ ✭✺✮✱ ♣✉✐  ♦♥ ❝❛❧❝✉❧❡ ✉♥❡
  ❛❧✐ ❛ ✐♦♥ τ∗
i ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ✭✻✮✳ ❖♥ ❝❛❧❝✉❧❡ ✉♥❡ P✲✈❛❧✉❡ ❛ ②♠♣ ♦ ✐ ✉❡  
♣❛  ✐  ❞❡ ❧❛ ❧♦✐ ❞❡ ❋✐ ❤❡  p∗
i = 1 − Fas(τ∗2
i )✱ ♣✉✐  ✉♥❡ P✲✈❛❧✉❡ ❜♦♦    ❛♣ ❝♦♠♠❡  ✉✐  ✿
✭❛✮ ❖♥ ❣ ♥  ❡ ✉♥  ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣ (y⋆
t,x1t,x2t)✱   ♣❛  ✐  ❞✉  ●❉ ❜♦♦    ❛♣✱ ♣✉✐ 
♦♥ ❝❛❧❝✉❧❡ ✉♥❡   ❛❧✐ ❛ ✐♦♥ τ⋆
j ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ✭✻✮✳
✭❜✮ ❖♥   ♣  ❡ ❧✬  ❛♣❡ ♣  ❝ ❞❡♥ ❡ B ❢♦✐  ❞❡ ♠❛♥✐  ❡   ♦❜ ❡♥✐  B   ❛❧✐ ❛ ✐♦♥  ❜♦♦    ❛♣
τ⋆
j ✱ ♣♦✉  j = 1,...,B✱ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ✭✻✮✳
▲❡ ♥♦♠❜ ❡ ❞❡ ❢♦✐  ♦  τ⋆2
j > τ∗2
i ✱ ♣♦✉  j = 1,...,B✱ ❞✐✈✐   ♣❛  B✱ ❞♦♥♥❡ ❧❛ ✈❛❧❡✉  ❞❡ ❧❛
P✲✈❛❧✉❡ ❜♦♦    ❛♣ p⋆
i✳
✹✳ ❖♥   ♣  ❡ N ❢♦✐  ❧❡    ❛♣❡  2 ❡  3 ❞❡ ♠❛♥✐  ❡   ♦❜ ❡♥✐  N   ❛❧✐ ❛ ✐♦♥  ❞❡  P✲✈❛❧✉❡
❛ ②♠♣ ♦ ✐ ✉❡ p∗
i ❡  ❜♦♦    ❛♣ p⋆
i✱ ♣♦✉  i = 1,...,N✳
▲❡  ❢♦♥❝ ✐♦♥  ❞❡ ❞✐   ✐❜✉ ✐♦♥ ❡♠♣✐ ✐ ✉❡ ✱ ♦✉ ❊❉❋✱ ❞❡  N   ❛❧✐ ❛ ✐♦♥  ❞❡  P✲✈❛❧✉❡ ❛ ②♠♣✲
 ♦ ✐ ✉❡ ❡  ❜♦♦    ❛♣  ♦♥  ❞❡✉① ❛♣♣ ♦①✐♠❛ ✐♦♥  ❞✐  ✐♥❝ ❡  ❞❡ ❧❛ ✈ ❛✐❡ ❧♦✐ ❞❡ ❝❡  ❡ P✲✈❛❧✉❡✱
❞✬❛✉ ❛♥  ♣❧✉  ♣  ❝✐ ❡  ✉❡ N ❡   ❣ ❛♥❞✳ ▲❛  ❛✐❧❧❡ ❞✬ ❝❤❛♥ ✐❧❧♦♥ ❡    ❣❛❧   n = 100✱ ❧❡ ♥♦♠❜ ❡
❞❡   ♣  ✐ ✐♦♥    N = 10.000 ❡  ❧❡ ♥♦♠❜ ❡ ❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡  ❜♦♦    ❛♣ B = 999✳
✺✹ ◆✐✈❡❛✉
▲❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❞✬✉♥  ❡   ✭RP✮✱ ❛♣♣❡❧ ❡ ❛✉  ✐ ♥✐✈❡❛✉   ❡❧ ♦✉ ❡  ❡✉  ❞❡  ②♣❡ ■✱ ❡  
❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❡  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❛❧♦    ✉✬❡❧❧❡ ❡   ✈ ❛✐❡✳  ♦✉  ✉♥ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧
❞♦♥♥  α✱ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❞✬✉♥  ❡   ❡   ❞♦♥❝ ❞♦♥♥  ❞❛♥  ✉♥❡ ❡①♣  ✐❡♥❝❡ ▼♦♥ ❡ ❈❛ ❧♦
♣❛  ❧❛ ♣ ♦♣♦  ✐♦♥ ❞❡  ❡❥❡   ❞❡ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✳  ♦✉  ✉♥  ❡   ❛ ②♠♣ ♦ ✐ ✉❡ ✭ ❡ ♣❡❝ ✐✈❡♠❡♥ 
❜♦♦    ❛♣✮✱ ❝✬❡   ❞♦♥❝ ❧❛ ♣ ♦♣♦  ✐♦♥ ❞❡    ❛❧✐ ❛ ✐♦♥  p⋆
i ✭ ❡ ♣✳ p∗
i✮ ✐♥❢  ✐❡✉ ❡ ♦✉  ❣❛❧❡   α✳ ❙✐ ❧❡
 ❡   ❡   ♣❛ ❢❛✐ ❡♠❡♥  ✜❛❜❧❡✱ ❧✬ ❝❛   ❡♥  ❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❡  ❧❡ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧✱ ❛♣♣❡❧ 
❧✬❡  ❡✉  ❞❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ✭❊❘ ✮ ♦✉ ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉✱ ❡   ♥✉❧✳
❚❡    ❛ ②♠♣ ♦ ✐ ✉❡ ❡  ❜♦♦    ❛♣
▲❛ ✜❣✉ ❡ ✶  ❡♣   ❡♥ ❡ ✉♥❡ ❢♦♥❝ ✐♦♥ ❞❡ ♥✐✈❡❛✉ ✿ ♣♦✉  ✉♥ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧ ❞♦♥♥  α = 0.05
♦♥   ❛❝❡ ❧❡  ❊❘  ❡♥ ♦ ❞♦♥♥ ❡ ❝♦♥  ❡ ❞✐✛  ❡♥ ❡  ✈❛❧❡✉   ❞❡ κ ✭❧✬❡✛❡  ❞❡ ❧❡✈✐❡ ✮ ❡♥ ❛❜ ❝✐  ❡✱
♣♦✉  ❞✐✛  ❡♥ ❡    ❛ ✐  ✐ ✉❡  ❞❡  ❡   ✳ ▲❡  ❝♦✉ ❜❡  ❍❈✵✱ ❍❈✶✱ ❍❈✷ ❡  ❍❈✸  ❡♣   ❡♥ ❡♥  ❧❡  ❊❘ 
❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ❜❛     ✉  ❧❡    ❛♥ ❢♦ ♠❛ ✐♦♥  HC0✱ HC1✱ HC2 ❡  HC3 ❞✉ ❍❈❈▼❊✳
▲❡  ❝♦✉ ❜❡  ❇❍❈✵✱ ❇❍❈✶✱ ❇❍❈✷ ❡  ❇❍❈✸  ❡♣   ❡♥ ❡♥  ❧❡  ❊❘  ❞❡   ❡    ❜♦♦    ❛♣ ❜❛     ✉ 
❧❡    ❛♥ ❢♦ ♠❛ ✐♦♥  HC0✱ HC1✱ HC2 ❡  HC3 ♣♦✉  ❡  ✐♠❡  ❧❡ ❍❈❈▼❊ ❡  ♣♦✉  ❝♦♥   ✉✐ ❡ ❧❡
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❋✐❣✳ ✶ ✕ ❚ ❛   ❞❡ ❧✬❊❘  ❡♥ ❢♦♥❝ ✐♦♥ ❞❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  κ✳
❉✬❛♣    ❧❛ ✜❣✉ ❡ ✶✱ ♦♥  ❡♠❛  ✉❡  ✉❡ ❧✬❊❘  ❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ✭ ❍❈✵ ❍❈✶ ❍❈✷ ❍❈✸✮
❛✉❣♠❡♥ ❡ ❢♦  ❡♠❡♥  ❛✈❡❝ ❧❡  ✈❛❧❡✉   ❞❡ κ✱ ❝✬❡     ❞✐ ❡ ❧♦   ✉❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  ❡   ❞❡ ♣❧✉  ❡♥
♣❧✉  ❢♦  ✳  ❛  ❡①❡♠♣❧❡✱ ❧✬ERP ❡   ❛♣♣ ♦①✐♠❛ ✐✈❡♠❡♥   ❣❛❧❡   0.17 ♣♦✉  ✉♥  ❡   ❛ ②♠♣ ♦✲
 ✐ ✉❡  ♦❜✉  ❡   ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✱ ❜❛    ✉  ❧❛ ✈❡  ✐♦♥ HC0 ❞✉ ❍❈❈▼❊✱ ❧♦   ✉❡ κ = 3.5✳
✻❈❡❧❛  ✐❣♥✐✜❡  ✉❡ ❧♦   ✉✬♦♥ ♣❡♥ ❡ ❢❛✐ ❡ ✉♥❡ ❡  ❡✉  ❞❡ 5%✱ ❡♥   ❛❧✐   ❧✬❡  ❡✉   ✉❡ ❧✬♦♥ ❢❛✐   ✐
❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❡   ✈ ❛✐❡ ✭RP = ERP + α✮ ❡   ❞❡ ❧✬♦ ❞ ❡ ❞❡ 23% ✿ ❧❡  ❡   ♥✬❡   ❞♦♥❝ ♣❛ 
✜❛❜❧❡✳  ❛  ❝♦♥  ❡✱ ✉♥  ❡   ❜❛    ✉  ❧❛   ❛♥ ❢♦ ♠❛ ✐♦♥ HC3 ❞✉ ❍❈❈▼❊ ❛♠ ❧✐♦ ❡ ❧❡     ✉❧ ❛   ✿
ERP ≈ 0.06 ❡  ❞♦♥❝ RP ≈ 0.11✱ ❧✬❡  ❡✉    ❡❧❧❡♠❡♥  ❢❛✐ ❡ ❡   ❞❡ ❧✬♦ ❞ ❡ ❞❡ 11%✳ ▲❛ ✜❛❜✐❧✐  
❞✉  ❡   ❜❛    ✉  ❧❛ ✈❡  ✐♦♥ HC3 ❡   ♠❡✐❧❧❡✉ ❡✱ ♠❛✐  ❡❧❧❡ ♥✬❡   ♣❛  ❡♥❝♦ ❡ ❞❡ ❜♦♥♥❡  ✉❛❧✐  ✱
♠❛❧❣   ❧❛  ❛✐❧❧❡ ❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥  ❡❧❛ ✐✈❡♠❡♥  ✐♠♣♦  ❛♥ ❡✳
❈❡     ✉❧ ❛   ❝♦♥✜ ♠❡♥  ❝❡✉① ❞❡ ❈❤❡ ❤❡  ❡  ❏❡✇✐   ✭✶✾✽✼✮✳ ▲❡     ✉❧ ❛   ❞❡  ❡①♣  ✐❡♥❝❡ 
 ♦♥        ❡♥ ✐❜❧❡  ❛✉ ❝❤♦✐① ❞❡    ❣ ❡  ❡✉   ❡  ❧❡   ❡    ♥❡  ♦♥  ♣❛  ✜❛❜❧❡  ❡♥ ♣   ❡♥❝❡ ❞✬♦❜✲
 ❡ ✈❛ ✐♦♥    ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡ ✳ ■❧   ✉❣❣  ❡♥   ✉❡ ❧❡     ✉❧ ❛    ♦♥  ♠♦✐♥   ❡♥ ✐❜❧❡    ❧❛  ❛✐❧❧❡
❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥  ✉✬  ❧❛ ♣   ❡♥❝❡ ❞❡ ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡ ✳  ♦✉  ✈  ✐✜❡  ❝❡  ❡ ❞❡ ♥✐  ❡ ❤②♣♦ ❤  ❡✱
♦♥  ❡❢❛✐  ❧❛ ♠ ♠❡ ❡①♣  ✐❡♥❝❡ ♣♦✉  ❞❡    ❣ ❡  ❡✉   ❤♦♠♦❣ ♥❡ ✱  ✐    ❞❡ ❧❛ ❧♦✐ N(0,1) ❡  ✉♥❡
 ❛✐❧❧❡ ❞✬ ❝❤❛♥ ✐❧❧♦♥      ❢❛✐❜❧❡ n = 20✳ ❖♥ ♦❜ ✐❡♥  ❧❡  ❊❘   ✉✐✈❛♥ ❡ ✱
ERPHC0 = 0.023, ERPHC1 = 0.018, ERPHC2 = 0.014, ERPHC3 = 0.007
❖♥ ❝♦♥  ❛ ❡  ✉❡ ❧✬❊❘  ❞❡ ❧❛ ✈❡  ✐♦♥ HC3 ❞✉ ❍❈❈▼❊ ❡   ❜❡❛✉❝♦✉♣ ♣❧✉  ♣❧✉  ❢❛✐❜❧❡ ✭0.007✮
 ✉❡  ✐ ♦♥ ❝♦♥ ✐❞  ❡ ✉♥ ❣ ❛♥❞ ♥♦♠❜ ❡ ❞❡ ❞♦♥♥ ❡  n = 100 ♠❛✐  ♦  ❧❡    ❣ ❡  ❡✉   ❡①❤✐❜❡♥ 
❞❡  ❢♦   ❡✛❡   ❞❡ ❧❡✈✐❡ ✳ ❈❡❧❛ ❝♦♥✜ ♠❡ ❧❡ ❢❛✐   ✉❡ ❧❛ ✜❛❜✐❧✐   ❞❡   ❡     ♦❜✉  ❡    ❧✬❤   ✲
 ♦ ❝ ❞❛  ✐❝✐    ♦♥  ❜❡❛✉❝♦✉♣ ♣❧✉   ❡♥ ✐❜❧❡    ❧❛    ✉❝ ✉ ❡ ❞❡    ❣ ❡  ❡✉    ✉✬  ❧❛  ❛✐❧❧❡ ❞❡
❧✬ ❝❤❛♥ ✐❧❧♦♥✳
❈♦♥❝❡ ♥❛♥  ❧❡   ❡    ❜♦♦    ❛♣✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ P✲✈❛❧✉❡ ❜♦♦    ❛♣   ❛♥  ❞ ✜♥✐❡ ❝♦♠♠❡
❧❛ ♣ ♦♣♦  ✐♦♥ ❞❡   ❛❧✐ ❛ ✐♦♥  ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❜♦♦    ❛♣  ❧❡✈ ❡  ❛✉ ❝❛     τ⋆2
j ✱ ♣♦✉  j =
1,...,B✱  ✉♣  ✐❡✉ ❡   ❧❛   ❛❧✐ ❛ ✐♦♥ ❛  ♦❝✐ ❡ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❛ ②♠♣ ♦ ✐ ✉❡ τ∗2
i ✱ ✐❧ ❡   ❝❧❛✐ 
 ✉❡ ❧❛   ❛♥ ❢♦ ♠❛ ✐♦♥ HC1✱ ❝♦  ❡ ♣♦♥❞❛♥    ✉♥❡ ♠✉❧ ✐♣❧✐❝❛ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ♣❛  ✉♥
❢❛❝ ❡✉  ❝♦♥  ❛♥ ✱ ♥✬❛✉ ❛ ❛✉❝✉♥ ✐♠♣❛❝ ✳ ❆✉  ❡♠❡♥  ❞✐ ✱ ❧❡   ❡    ❜♦♦    ❛♣ ❝♦  ❡ ♣♦♥❞❛♥ 
❛✉①   ❛♥ ❢♦ ♠❛ ✐♦♥  HC0 ❡  HC1  ♦♥  ✐❞❡♥ ✐ ✉❡ ✳ ❉❛♥  ❧❛ ✜❣✉ ❡ ✶✱ ❧❛ ❝♦✉ ❜❡ ❞❡ ❇❍❈✶ ♥✬❡  
❞♦♥❝ ♣❛   ❡♣   ❡♥  ❡✱ ❡❧❧❡ ❡   ✐❞❡♥ ✐ ✉❡   ❝❡❧❧❡ ❞❡ ❇❍❈✵✳ ❉✬❛♣    ❝❡  ❡ ✜❣✉ ❡✱ ♦♥  ❡♠❛  ✉❡
 ✉❡ ❧✬❊❘  ❞❡   ❡    ❜♦♦    ❛♣ ❇❍❈✵ ❇❍❈✷ ❇❍❈✸ ❡        ❢❛✐❜❧❡✱ ♣ ♦❝❤❡ ❞❡ ❧✬❛①❡ ❞❡  ❛❜ ❝✐  ❡✱
❡  ✐❧ ♥✬② ❛ ♣❛  ❞❡ ❞✐✛  ❡♥❝❡ ♥❡  ❡ ❡♥  ❡ ❧❡    ♦✐  ✈❡  ✐♦♥  ✉ ✐❧✐  ❡ ✳ ❙✬✐❧ ♥✬② ❛ ♣❛  ❞❡ ❢♦   ❡✛❡ 
❞❡ ❧❡✈✐❡  ✭κ = 1.1✮✱ ❧✬❊❘  ❞❡   ❡    ❜♦♦    ❛♣ ❡    ✉❛ ✐♠❡♥  ♥✉❧❧❡✳  ❛  ❝♦♥  ❡✱ ❡♥ ♣   ❡♥❝❡
❞❡      ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡  ✭κ = 3.5✮✱ ❧✬❊❘  ❞❡   ❡    ❜♦♦    ❛♣ ❡   ❧ ❣  ❡♠❡♥  ❞✐✛  ❡♥ ❡ ❞❡
③  ♦✱ ♠❛✐  ❡❧❧❡  ❡  ❡      ❢❛✐❜❧❡ ✭≈ 0.01✮ ❝♦♠♣❛  ❡   ❝❡❧❧❡ ❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ✭> 0.06✮✳
❈❡     ✉❧ ❛   ♠♦♥  ❡♥   ✉❡ ❧❡   ❡    ❜♦♦    ❛♣✱ ❜❛     ✉  ❧❡  ❞✐✛  ❡♥ ❡  ✈❡  ✐♦♥  ❞✉
❍❈❈▼❊✱ ❝♦  ✐❣❡♥       ❧❛ ❣❡♠❡♥  ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡✳ ■❧   ♦♥ 
❜❡❛✉❝♦✉♣ ♣❧✉  ✜❛❜❧❡  ❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐✱ ❡♥ ♣   ❡♥❝❡ ♦✉ ♥♦♥ ❞❡ ❢♦    ❡✛❡   ❞❡ ❧❡✈✐❡ ✳
❘  ✐❞✉  ❝♦♥  ❛✐♥   ♦✉ ♥♦♥✲❝♦♥  ❛✐♥  
▲❡ ❝❛❧❝✉❧ ❞❡ ❧✬❡  ✐♠❛ ❡✉  ❍❈❈▼❊ ❛✈❡❝ ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ♣❧✉     ✉❡ ❧❡     ✐❞✉ 
♥♦♥✲❝♦♥  ❛✐♥  ✱ ❛      ✉❣❣    ♣❛  ❉❛✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✽✺✮ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞❡   ❡   
❛ ②♠♣ ♦ ✐ ✉❡✳  ❛  ❛✐❧❧❡✉  ✱ ❉❛✈✐❞ ♦♥ ❡  ❋❧❛❝❤❛✐ ❡ ✭✷✵✵✶✮ ♠♦♥  ❡♥   ✉✬✉♥  ❡ ♠❡  ✉♣♣❧ ✲
✼♠❡♥ ❛✐ ❡ ❡   ✐♥  ♦❞✉✐  ❞❛♥  ❧❡  ❞ ✈❡❧♦♣♣❡♠❡♥   ❞✬❊❞❣❡✇♦  ❤ ❞✬✉♥  ❡   ❜♦♦    ❛♣ ❜❛    ✉ 
❧❡ ❍❈❈▼❊✱  ✐ ♦♥ ✉ ✐❧✐ ❡ ❧❡     ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥   ♣❧✉     ✉❡ ❧❡     ✐❞✉  ❝♦♥  ❛✐♥  ✳ ❈❡
   ✉❧ ❛   ✉❣❣  ❡  ✉❡ ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡✈ ❛✐     ❡ ♣❧✉  ❢❛✐❜❧❡ ❛✈❡❝ ✉♥  ❡   ❜❛    ✉ 
❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ♣❧✉     ✉❡ ♥♦♥✲❝♦♥  ❛✐♥  ✳ ❚♦✉ ❡❢♦✐ ✱ ❧❡  ❡①♣  ✐❡♥❝❡  ▼♦♥ ❡ ❈❛ ❧♦
♥❡ ♠♦♥  ❡♥  ♣❛   ②   ♠❛ ✐ ✉❡♠❡♥  ✉♥❡ ❞✐✛  ❡♥❝❡  ✐❣♥✐✜❝❛ ✐✈❡ ❡♥  ❡ ❧❡  ❞❡✉① ❛♣♣ ♦❝❤❡ ✱
♠ ♠❡  ✐  ✉❡❧ ✉❡  ❡①♣  ✐❡♥❝❡  ♠♦♥  ❡♥   ✉❡ ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞❡     ✐❞✉  ❝♦♥  ❛✐♥   ♣❧✉     ✉❡
❞❡     ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥   ❛♣♣♦  ❡ ✉♥ ❣❛✐♥ ❞❡ ♣  ❝✐ ✐♦♥       ❡♥ ✐❜❧❡✱ ✈♦✐  ✈❛♥ ●✐❡  ❜❡ ❣❡♥
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❋✐❣✳ ✷ ✕ ❚ ❛   ❞❡ ❧✬❊❘  ❡♥ ❢♦♥❝ ✐♦♥ ❞❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  κ✱    ✐❞✉  ❝♦♥  ❛✐♥  ✳
▲❛ ✜❣✉ ❡ ✷  ❡♣   ❡♥ ❡ ❧❛ ♠ ♠❡ ❢♦♥❝ ✐♦♥ ❞❡ ♥✐✈❡❛✉  ✉❡ ❧❛ ✜❣✉ ❡ ✶  ❛✉❢  ✉❡ ❧❡   ❡    ❛ ②♠♣✲
 ♦ ✐ ✉❡ ✭❍❈✵❝ ❍❈✶❝ ❍❈✷❝ ❍❈✸❝✮ ❡  ❜♦♦    ❛♣ ✭❇❍❈✵❝ ❇❍❈✶❝ ❇❍❈✷❝ ❇❍❈✸❝✮  ♦♥  ❜❛     ✉ 
❧❡  ❞✐✛  ❡♥ ❡  ✈❡  ✐♦♥  ❞✉ ❍❈❈▼❊ ❛✈❡❝ ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ♣❧✉     ✉❡ ♥♦♥✲❝♦♥  ❛✐♥  ✳
❉✬❛♣    ❝❡ ❣ ❛♣❤✐ ✉❡✱ ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡   ❡    ❜♦♦    ❛♣ ❡   ❢❛✐❜❧❡ ✿ ❡❧❧❡ ❛✉❣♠❡♥ ❡
❧ ❣  ❡♠❡♥  ♣♦✉  ❧❡  ✈❡  ✐♦♥  HC0 ❡  HC2 ❧♦   ✉❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  ❡   ❢♦  ✱ ♣❛  ❝♦♥  ❡ ❝❡❧❧❡
❞❡ ❧❛ ✈❡  ✐♦♥ HC3  ❡  ❡  ♦✉❥♦✉    ✉❛ ✐♠❡♥  ♥✉❧❧❡✳ ❉✬✉♥ ❛✉  ❡ ❝   ✱ ❧❛ ❞✐  ♦  ✐♦♥ ❞❡   ❡   
❛ ②♠♣ ♦ ✐ ✉❡ ❡   ❧ ❣  ❡♠❡♥  ♣❧✉  ✐♠♣♦  ❛♥ ❡  ✉❡ ❝❡❧❧❡ ❞❡   ❡   ❜♦♦    ❛♣✳  ❛  ❛✐❧❧❡✉  ✱  ✐
♦♥ ❝♦♠♣❛ ❡ ❧❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ❞❛♥  ❧❡  ✜❣✉ ❡  ✶ ❡  ✷✱ ♦♥ ❝♦♥  ❛ ❡  ✉❡ ❧❛ ❞✐  ♦  ✐♦♥ ❞✉
♥✐✈❡❛✉ ❡   ❧❛ ❣❡♠❡♥  ♣❧✉  ❢❛✐❜❧❡ ♣♦✉  ❧❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ❜❛     ✉  ❧❡     ✐❞✉  ❝♦♥  ❛✐♥  
♣❧✉     ✉❡ ♥♦♥✲❝♦♥  ❛✐♥  ✳ ❉❡ ♣❧✉ ✱ ♦♥ ❝♦♥  ❛ ❡  ✉✬✐❧ ♥✬② ❛ ♣❛  ❞❡ ❞✐✛  ❡♥❝❡ ✐♠♣♦  ❛♥ ❡ ❡♥  ❡
❧❡  ❞✐✛  ❡♥ ❡    ❛♥ ❢♦ ♠❛ ✐♦♥  ❞✉ ❍❈❈▼❊  ✐ ❧❡     ✐❞✉  ❝♦♥  ❛✐♥    ♦♥  ✉ ✐❧✐   ✳
❈❡     ✉❧ ❛   ♠♦♥  ❡♥   ✉✬✉♥  ❡   ❜♦♦    ❛♣✱ ❜❛    ✉  ❧❛ ✈❡  ✐♦♥ HC3 ❞✉ ❍❈❈▼❊ ❡   ✉ 
❧❡     ✐❞✉  ❝♦♥  ❛✐♥  ✱ ❡   ♣❛ ❢❛✐ ❡♠❡♥  ✜❛❜❧❡ ❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐✱ ♠ ♠❡ ❡♥ ♣   ❡♥❝❡ ❞❡ ❢♦  
❡✛❡  ❞❡ ❧❡✈✐❡ ✳
✽✺  ✉✐  ❛♥❝❡
 ♦✉    ✉❞✐❡  ❧❛ ♣✉✐  ❛♥❝❡ ❞❡   ❡     ♦❜✉  ❡    ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✱ ♦♥  ❡♣ ❡♥❞ ❧❡ ♠ ♠❡
❛❧❣♦ ✐ ❤♠❡  ✉❡ ❝❡❧✉✐ ✉ ✐❧✐   ♣♦✉  ❧✬  ✉❞❡ ❞❡ ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉✱  ❡❝ ✐♦♥ ✸✱ ♠❛✐  ♦♥ ❣ ♥  ❡
❧❡  ❞♦♥♥ ❡    ♣❛  ✐  ❞✬✉♥  ●❉ ❝♦♥   ✉✐   ♦✉  ❧✬❤②♣♦ ❤  ❡ ❛❧ ❡ ♥❛ ✐✈❡✳ ❉❛♥  ♥♦  ❡①♣  ✐❡♥❝❡ ✱
❧❛   ❛ ✐  ✐ ✉❡ ❞✬✐♥       ❡  ❡ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ β1 = 0 ❝♦♥  ❡ ❧✬❤②♣♦ ❤  ❡ ❛❧ ❡ ♥❛ ✐✈❡ β1  = 0✳
❖♥  ✐♠✉❧❡ ❧❡  ❞♦♥♥ ❡    ♣❛  ✐  ❞✉ ♠ ♠❡  ●❉  ✉❡ ❝❡❧✉✐ ❞ ❝ ✐  ❞❛♥  ❧✬  ✉❛ ✐♦♥ ✭✺✮✱  ❛✉❢  ✉❡
❧❡ ♣❛ ❛♠   ❡ β1 ♣ ❡♥❞ ✉♥❡ ✈❛❧❡✉  ❞✐✛  ❡♥ ❡ ❞❡ ③  ♦✳ ▲✬❤②♣♦ ❤  ❡  ❡   ❡ ❡    ♦✉❥♦✉   β1 = 0✱
 ✉✐ ♥✬❡   ♣❧✉  ✈  ✐✜ ❡✱   ♣❛  ✐  ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ✭✻✮✳ ❈❡❧❛  ❡✈✐❡♥  ❞♦♥❝   ✉ ✐❧✐ ❡  ❧❡
♠ ♠❡ ❛❧❣♦ ✐ ❤♠❡  ✉❡ ❝❡❧✉✐ ❞ ❝ ✐  ❞❛♥  ❧❛  ❡❝ ✐♦♥ ✸✱ ❛✈❡❝ ❧❡ ♠ ♠❡ ❣ ♥  ❛ ❡✉  ❞❡ ♥♦♠❜ ❡ 
❛❧ ❛ ♦✐ ❡  ❡  ❧❡ ♠ ♠❡ ♣♦✐♥  ❞❡ ❞ ♣❛  ✱ ♠❛✐  ❡♥ ❣ ♥  ❛♥  ❧❡  ❞♦♥♥ ❡  ❞❛♥  ❧✬  ❛♣❡ ✷   ♣❛  ✐ 
❞✉  ●❉ ✿ y⋄
t = β1x1t + σtεt✳ ■❧ ❡   ❝❧❛✐   ✉❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞ ♣❡♥❞ ❞✉ ❝❤♦✐① ❞✉ ♣❛ ❛♠   ❡ β1 ✿
♣❧✉  ❧❛ ✈❛❧❡✉  ❞❡ ❝❡ ♣❛ ❛♠   ❡ ❡    ❧♦✐❣♥ ❡ ❞❡  ❛ ✈❛❧❡✉   ♦✉  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✱ ♣❧✉  ❢♦  ❡ ❡  
❧❛ ♣✉✐  ❛♥❝❡✳
❉❛♥  ♥♦  ❡ ❝❛❞ ❡ ❡①♣  ✐♠❡♥ ❛❧✱ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡    ♦✉  ❧✬❤②♣♦ ❤  ❡ ❛❧ ❡ ♥❛ ✐✈❡ τ⋄
j ♣❡✉ 
   ❡ ❝❛❧❝✉❧ ❡  ❛♥  ❛✈♦✐  ❜❡ ♦✐♥ ❞❡  ✐♠✉❧❡  ✉♥ ♥♦✉✈❡❧  ❝❤❛♥ ✐❧❧♦♥  ♦✉  ✉♥  ●❉  ✉✐ ♥❡  ❡ ♣❡❝ ❡
♣❛  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✳ ❙♦✐❡♥  b β⋆
1 ❧✬❡  ✐♠❛ ❡✉  ▼❈❖ ❞✉ ♣❛ ❛♠   ❡ β1   ♣❛  ✐  ❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥
 ✐♠✉❧   ♦✉  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ (y⋆,x1,x2)❀ ❡  b β⋄
1 ❧✬❡  ✐♠❛ ❡✉  ♦❜ ❡♥✉   ♣❛  ✐  ❞❡ ❧✬ ❝❤❛♥ ✐❧❧♦♥










[b V (b β⋆
1)]1/2. ✭✼✮
❈❡    ✉❧ ❛ ✶ ♣❡ ♠❡  ❞❡  ✐♠♣❧✐✜❡  ❧❛ ❣❡♠❡♥  ❧✬❛❧❣♦ ✐ ❤♠❡✱ ❡♥ ❝❛❧❝✉❧❛♥  ❞✐ ❡❝ ❡♠❡♥  ❧❛   ❛ ✐ ✲
 ✐ ✉❡ ❜♦♦    ❛♣ τ⋄
i  ❛♥  ❛✈♦✐  ❜❡ ♦✐♥ ❞❡ ❣ ♥  ❡  ✉♥  ●❉  ♦✉  ❧✬❤②♣♦ ❤  ❡ ❛❧ ❡ ♥❛ ✐✈❡✳ ❖♥
♣❡✉  ❝❛❧❝✉❧❡  ❞✐✛  ❡♥ ❡    ❛❧✐ ❛ ✐♦♥  ❞❡ ❝❡  ❡   ❛ ✐  ✐ ✉❡ ♣♦✉  ❞✐✛  ❡♥ ❡  ✈❛❧❡✉   ❞❡ β1✳
❯♥ ❞❡ ♥✐❡  ❛ ♣❡❝  ✐♠♣♦  ❛♥  ❞❡ ❧✬  ✉❞❡ ❞❡ ❧❛ ♣✉✐  ❛♥❝❡ ❝♦♥❝❡ ♥❡ ❧❛ ❝♦♠♣❛ ❛✐ ♦♥ ❞❡ 
♣✉✐  ❛♥❝❡  ❡♥  ❡ ❞✐✛  ❡♥ ❡    ❛ ✐  ✐ ✉❡  ❞❡  ❡  ✳ ❉❛♥  ❧❡ ❝❛  ♦  ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ 
 ❡    ♥✬❡   ♣❛  ♥✉❧❧❡✱ ❧❛ ❝♦♠♣❛ ❛✐ ♦♥ ❞❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞❡   ❡    ♣♦✉  ✉♥ ♠ ♠❡ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧
❛ ♣❡✉ ❞❡  ❡♥ ✱ ❝❛  ♦♥ ♣♦✉  ❛✐     ❡ ❛♠❡♥    ❝♦♠♣❛ ❡  ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥  ❡    ✉✐  ✉ ✲ ❡❥❡  ❡
❢♦  ❡♠❡♥  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❛❧♦    ✉✬❡❧❧❡ ❡   ✈ ❛✐ ❝♦♥  ❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥  ❡    ✉✐ ❧❛  ♦✉ ✲
 ❡❥❡  ❡ ❢♦  ❡♠❡♥ ✳ ❆✉  ❡♠❡♥  ❞✐ ✱ ✐❧ ❡   ✐♠♣♦  ❛♥  ❞❡ ❝♦♠♣❛ ❡  ❧❛ ♣✉✐  ❛♥❝❡ ❞❡   ❡    ♣♦✉ 
✉♥ ♥✐✈❡❛✉   ❡❧✱ ♦✉ ❡  ❡✉  ❞❡  ②♣❡ ■ ♦✉ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ✭ RP✮✱ ✐❞❡♥ ✐ ✉❡✳ ❖♥ ♣❛ ❧❡ ❛❧♦  
❞❡ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧✳
❍②♣♦ ❤  ❡ ❛❧ ❡ ♥❛ ✐✈❡
▲❛ ✜❣✉ ❡ ✸  ❡♣   ❡♥ ❡ ❧❛ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉ ❡♥ ♦ ❞♦♥♥ ❡✱ ♣♦✉  ❞❡   ❡   
❜♦♦    ❛♣  ♦❜✉  ❡ ✱ ❜❛     ✉  ❞✐✛  ❡♥ ❡  ✈❡  ✐♦♥  ❞✉ ❍❈❈▼❊ ✭ ❇❍❈✵ ❇❍❈✷ ❡  ❇❍❈✸✮✱ ❡♥
✶y⋄ = x1β1 + y⋆ ❡  ❞♦♥❝✱ ♦♥ ❛ b β⋄
1 = (x⊤
1 M2x1)−1x⊤
1 M2y⋄ = β1 + (x⊤
1 M2x1)−1x⊤
1 M2y⋆ = β1 + b β⋆
1✳ ❉❡
♣❧✉ ✱ ❧❡  ✈❛ ✐❛♥❝❡  ❡  ✐♠ ❡   ♦♥  ❧❡  ♠ ♠❡  ❝❛  ❧❡     ✐❞✉   ♦♥  ❧❡  ♠ ♠❡ b u⋄ = MXy⋄ = MXy⋆ = b u⋆✳
✾❢♦♥❝ ✐♦♥ ❞❡ ❞✐✛  ❡♥ ❡  ✈❛❧❡✉   ❞✉ ♣❛ ❛♠   ❡ β1 = −3,−2.9,...,−0.1,0,0,1,...,2.9,3 ❡♥



















❋✐❣✳ ✸ ✕ ❚ ❛   ❞❡ ❧❛ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉✱ RP = 0.05 ❡  κ = 3.5
■❧ ❡   ❝❧❛✐   ✉❡ ❧❛ ♣✉✐  ❛♥❝❡ ❛✉❣♠❡♥ ❡ ❧♦   ✉❡ ❧❛ ✈❛❧❡✉  ❞✉ ♣❛ ❛♠   ❡ β1  ✬ ❧♦✐❣♥❡ ❞❡ 0✳
 ❛  ❝♦♥  ❡✱ ❧♦   ✉❡ β1 = 0✱ ❧❛ ♣✉✐  ❛♥❝❡ ❡     ✉✐✈❛❧❡♥ ❡   ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❡  ❡❧❧❡ ❡  
 ❣❛❧❡   0.05✳ ▲❡  ❡   ❧❡ ♣❧✉  ♣✉✐  ❛♥   ❡❥❡  ❡ ❛✐  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❛✈❡❝ ❝❡  ✐ ✉❞❡ ♣♦✉   ♦✉ ❡
✈❛❧❡✉  ❞❡ β1 ❞✐✛  ❡♥ ❡ ❞❡ 0✱  ✉  ❝❡  ②♣❡ ❞❡ ❣ ❛♣❤✐ ✉❡✱  ❛ ❝♦✉ ❜❡ ♣ ❡♥❞ ❛✐  ❛❧♦   ❧❛ ❢♦ ♠❡ ⊤
❛✈❡❝ ❧❡ ♣✐❡❞ ❞✉  ❡❣♠❡♥  ✈❡  ✐❝❛❧ ❡♥ 0.05 ❡  ❧❡  ❡❣♠❡♥  ❤♦ ✐③♦♥ ❛❧ ❡♥ 1✳
❉✬❛♣    ❧❛ ✜❣✉ ❡ ✸✱ ❧❛ ♣✉✐  ❛♥❝❡ ❞✉  ❡   ❜♦♦    ❛♣ ❛✈❡❝ ❧❛ ✈❡  ✐♦♥ HC0 ❞✉ ❍❈❈▼❊ ❡  
     ❧ ❣  ❡♠❡♥   ✉♣  ✐❡✉ ❡   ❝❡❧❧❡ ❞❡ ❧❛ ✈❡  ✐♦♥ HC2✱ ❡❧❧❡ ♠ ♠❡      ❧ ❣  ❡♠❡♥   ✉♣  ✐❡✉ ❡  
❝❡❧❧❡ ❞❡ ❧❛ ✈❡  ✐♦♥ HC3✳ ❈❡    ✉❧ ❛   ✉❣❣  ❡  ✉✬✉♥  ❡   ❜♦♦    ❛♣ ❛✈❡❝ ❧❛ ✈❡  ✐♦♥ HC0 ❡       
❧ ❣  ❡♠❡♥  ♣❧✉  ♣❡ ❢♦ ♠❛♥   ✉❡ ❧❡ ♠ ♠❡  ❡   ❛✈❡❝ ❧❛ ✈❡  ✐♦♥ HC3 ♦✉ HC2✳  ♦✉  ❝♦♠♣❛ ❛✐ ♦♥✱
♦♥   ❛❝❡ ❧❛ ♣✉✐  ❛♥❝❡ ♦❜ ❡♥✉❡ ❛✈❡❝ ✉♥❡ ♣ ♦❝ ❞✉ ❡ ❞❡  ❡   ❜❛  ❡  ✉  ✉♥❡ ❡  ✐♠❛ ✐♦♥ ♣❛ 
▼♦✐♥❞ ❡  ❈❛     ● ♥  ❛❧✐   ✱ ♦✉ ▼♦✐♥❞ ❡  ❈❛      ♦♥❞     ▼❈●✳ ❈❡  ❡ ♠  ❤♦❞❡ ♣❡✉     ❡
♠✐ ❡ ❡♥  ✉✈ ❡  ✐ ♦♥ ❝♦♥♥❛✐  ❧❛ ❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡   ✐ ♦♥ ♣❡✉  ❧✬❡  ✐♠❡  ❞❡ ❢❛ ♦♥
❝♦♥✈❡ ❣❡♥ ❡✳ ❙✐ ✉♥❡ ✐♥❢♦ ♠❛ ✐♦♥ ❝♦  ❡❝ ❡ ❞❡ ❧❛ ❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡   ✉ ✐❧✐  ❡✱ ❝❡  ❡
♠  ❤♦❞❡ ❞✬❡  ✐♠❛ ✐♦♥ ❡   ♣❧✉  ❡✣❝❛❝❡  ✉❡ ❧✬❡  ✐♠❛ ✐♦♥  ♦❜✉  ❡✳ ❚♦✉ ❡❢♦✐ ✱ ❝❡❧❧❡ ❝✐ ♥✬❡   ♣❛ 
 ♦❜✉  ❡   ✉♥❡ ♠❛✉✈❛✐ ❡  ♣ ❝✐✜❝❛ ✐♦♥ ❞❡ ❧❛ ❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✳ ■❧ ❡   ❝❧❛✐   ✉❡ ❞❛♥ 
♥♦  ❡ ❝♦♥ ❡① ❡ ♦  ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ❡   ❞❡ ❢♦ ♠❡ ✐♥❝♦♥♥✉❡✱ ❝❡  ❡ ♠  ❤♦❞❡ ❞✬❡  ✐♠❛ ✐♦♥
♥❡ ♣❡✉  ♣❛     ❡ ✉ ✐❧✐  ❡✳ ❖♥ ❧✬✉ ✐❧✐ ❡ ✐❝✐    ✐  ❡ ❞❡ ❝♦♠♣❛ ❛✐ ♦♥✱ ❝♦♠♠❡   ❛♥  ❧❛ ♠❡✐❧❧❡✉ ❡
❡  ✐♠❛ ✐♦♥  ❛♥  ❜✐❛✐   ✉❡ ❧✬♦♥ ♣✉✐  ❡ ♦❜ ❡♥✐ ✱  ✐ ♦♥ ❝♦♥♥❛✐  ❛✐  ❧❛ ❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✳
❉❛♥  ♥♦  ❡ ❝❛❞ ❡ ❡①♣  ✐♠❡♥ ❛❧✱ ❡❧❧❡ ♣❡✉     ❡ ♠✐ ❡ ❡♥  ✉✈ ❡ ❡♥   ❛♥ ❢♦ ♠❛♥  ❧❛ ✈❛ ✐❛❜❧❡
❞ ♣❡♥❞❛♥ ❡ ❡  ❧❡    ❣ ❡  ❡✉  ✱ ❡♥ ❧❡  ❞✐✈✐ ❛♥  ♣❛  ❧❛  ❛❝✐♥❡ ❝❛    ❞❡ x2
1t✱ ♣✉✐  ❡♥ ❡  ✐♠❛♥ 
♣❛  ▼❈❖ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡ ❡  ❧❡    ❣ ❡  ❡✉   ❛✐♥ ✐   ❛♥ ❢♦ ♠  ✳ ■❧ ❡   ❝❧❛✐ ✱ ❞✬❛♣   
✶✵❧❛ ✜❣✉ ❡ ✸✱  ✉❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞✉  ❡   ▼❈● ❡        ❧❛ ❣❡♠❡♥   ✉♣  ✐❡✉ ❡   ❝❡❧❧❡ ❞❡   ❡   
❍❈❈▼❊✳ ▲❛ ♣❡  ❡ ❞❡ ♣✉✐  ❛♥❝❡ ❝♦♥  ❛  ❡ ♣❛  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✬✉♥  ❡    ♦❜✉  ❡ ❡   ❝♦♥ ✐❞  ❛❜❧❡✳
❈❡    ✉❧ ❛   ♦✉❧✐❣♥❡ ❧✬❛ ❜✐  ❛❣❡   ❛❞✐ ✐♦♥♥❡❧ ❡♥  ❡  ♦❜✉  ❡  ❡ ❡  ❡✣❝❛❝✐   ✿ ✉♥  ❡    ♦❜✉  ❡ ❡  
♠♦✐♥  ♣❡ ❢♦ ♠❛♥  ♠❛✐   ❡  ❡ ✈❛❧✐❞❡ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥❡ ♠❛✉✈❛✐ ❡  ♣ ❝✐✜❝❛ ✐♦♥✱ ❛❧♦    ✉✬✉♥
 ❡   ❡✣❝❛❝❡ ♣❡✉     ❡ ❜❡❛✉❝♦✉♣ ♣❧✉  ♣❡ ❢♦ ♠❛♥  ♠❛✐  ✐❧ ♥✬❡   ♣❛   ♦❜✉  ❡   ✉♥❡ ♠❛✉✈❛✐ ❡
 ♣ ❝✐✜❝❛ ✐♦♥ ❞✉ ♠♦❞ ❧❡✳
❊✛❡  ❞❡ ❧❡✈✐❡ 
❖♥  ✬✐♥   ❡  ❡ ♠❛✐♥ ❡♥❛♥    ❧✬ ❝❛   ❞❡ ♣✉✐  ❛♥❝❡ ❝♦♥  ❛  ❡ ❡♥  ❡ ✉♥  ❡   ❡✣❝❛❝❡ ❜❛    ✉ 
❧✬❡  ✐♠❛ ✐♦♥ ▼❈●✱ ❡  ✉♥  ❡    ♦❜✉  ❡ ❜❛    ✉  ❧❡ ❍❈❈▼❊✳ ❖♥  ❡ ❞❡♠❛♥❞❡  ✐ ❧❛ ❧❛ ❣❡ ♣❡  ❡
❞❡ ♣✉✐  ❛♥❝❡ ♦❜ ❡ ✈ ❡ ♣♦✉  ❧❡  ❡    ♦❜✉  ❡ ❡   ❞✉❡   ❧❛ ♣   ❡♥❝❡ ❞✬✉♥ ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡ ✳
 ♦✉  ❝❡❧❛✱ ♦♥  ❡❢❛✐  ❞❡  ❡①♣  ✐❡♥❝❡  ❡♥ ❞✐♠✐♥✉❛♥  ❧✬✐♠♣❛❝  ❞❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡ ✱ ❝✬❡  ✲ ✲❞✐ ❡ ❡♥



















❋✐❣✳ ✹ ✕ ❉✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ❡♥  ❡ ❧❡   ❡    ▼❈● ❡  ❇❍❈✵✱ β1 ∈ [0;3]
▲❛ ✜❣✉ ❡ ✹  ❡♣   ❡♥ ❡ ❧❛ ❞✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉✱ ❡♥  ❡ ❧❡   ❡    ▼❈●
❡  ❇❍❈✵✳ ▲❡  ❞✐✛  ❡♥ ❡  ❝♦✉ ❜❡  ❞✉ ❣ ❛♣❤✐ ✉❡ ❝♦  ❡ ♣♦♥❞❡♥    ❞❡  ♥✐✈❡❛✉① ❞✐✛  ❡♥   ❞✬❡✛❡ 
❞❡ ❧❡✈✐❡  κ = 1.1,1.5,2,2.5,3,3.5✳  ♦✉  κ = 3.5✱ ❧❛ ❝♦✉ ❜❡ ❝♦  ❡♣♦♥❞   ❧❛ ❞✐✛  ❡♥❝❡ ❡♥  ❡ ❧❛
❝♦✉ ❜❡ ▼❈● ❡  ❧❛ ❝♦✉ ❜❡ ❇❍❈✵ ❞❡ ❧❛ ✜❣✉ ❡ ✸✱  ✉  ❧❡  ✉♣♣♦   [0,3]✳ ❉✬❛♣    ❝❡ ❣ ❛♣❤✐ ✉❡✱ ♦♥
❝♦♥  ❛ ❡  ✉❡ ❧❛ ❞✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ❡♥  ❡ ✉♥  ❡    ♦❜✉  ❡ ❡  ✉♥  ❡   ❡✣❝❛❝❡ ❡   ❞✬❛✉ ❛♥ 
♣❧✉  ❣ ❛♥❞❡  ✉❡ ❧✬❡✛❡  ❞❡ ❧❡✈✐❡  ❡   ❢♦  ✳ ❈❡    ✉❧ ❛   ✉❣❣  ❡  ✉❡ ❧✬❛ ❜✐  ❛❣❡ ❡♥  ❡ ❡✣❝❛❝✐  
❡   ♦❜✉  ❡  ❡✱  ✈♦ ✉  ❝✐✲❞❡  ✉ ✱ ❛ ♠♦✐♥  ❞✬✐♠♣❛❝   ✬✐❧ ♥✬② ❛ ♣❛  ❞✬♦❜ ❡ ✈❛ ✐♦♥    ❢♦   ❡✛❡ 
❞❡ ❧❡✈✐❡ ✱ ❝✬❡  ✲ ✲❞✐ ❡  ✐ ❧❡  ❞♦♥♥ ❡  ♦❜ ❡ ✈ ❡   ♦♥  ❤♦♠♦❣ ♥❡ ✳  ❛  ❝♦♥  ❡✱ ❧❛ ♣   ❡♥❝❡ ❞✬♦❜✲
 ❡ ✈❛ ✐♦♥    ❢♦   ❡✛❡  ❞❡ ❧❡✈✐❡  ❛ ✉♥ ✐♠♣❛❝  ✐♠♣♦  ❛♥   ✉  ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥  ❡    ♦❜✉  ❡✱
❝♦♠♣❛  ❡   ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥  ❡   ●▲❙ ✉ ✐❧✐ ❛♥  ✉♥❡ ❢♦ ♠❡ ❝♦  ❡❝ ❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✳
✶✶❘  ✐❞✉  ❝♦♥  ❛✐♥   ♦✉ ♥♦♥✲❝♦♥  ❛✐♥  
▲♦   ✉✬♦♥   ✉❞✐❡ ❧❛ ♣✉✐  ❛♥❝❡✱ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ♥✬❡   ♣❛  ✈  ✐✜ ❡✳ ❈❡❧❛ ❛ ❝♦♥❞✉✐ 
❝❡  ❛✐♥  ❛✉ ❡✉     ❛✈❛♥❝❡  ❧✬❛ ❣✉♠❡♥   ❡❧♦♥ ❧❡ ✉❡❧ ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞❡     ✐❞✉  ❝♦♥  ❛✐♥   ❞❡✈ ❛✐ 
❝♦♥❞✉✐ ❡   ✉♥❡ ♣❡  ❡ ❞❡ ♣✉✐  ❛♥❝❡ ♣❛   ❛♣♣♦     ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞❡    ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥  
✭✈❛♥ ●✐❡  ❜❡ ❣❡♥ ❡  ❑✐✈✐❡  ✷✵✵✷✮✱ ❝❛  ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ♥❡ ♣❡✉✈❡♥  ♣❛     ❡ ❝♦♥ ✐❞    
❝♦♠♠❡ ✉♥❡ ♠❡✐❧❧❡✉ ❡ ❡  ✐♠❛ ✐♦♥ ❞❡  ❛❧ ❛   ✐ H0 ♥✬❡   ♣❛  ✈ ❛✐❡✳ ◆ ❛♥♠♦✐♥ ✱ ❧❡     ✉❧ ❛  
❞❡  ✐♠✉❧❛ ✐♦♥  ♥❡ ✈❛❧✐❞❡♥  ♣❛  ❢♦ ❝ ♠❡♥  ❝❡  ❛ ❣✉♠❡♥  ✭▼❛❝❑✐♥♥♦♥ ✷✵✵✷✮✳ ■❧ ❡   ❞♦♥❝
✐♥   ❡  ❛♥  ❞✬  ✉❞✐❡  ❧❛ ♣✉✐  ❛♥❝❡ ❞❡   ❡    ❜❛     ✉  ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ❡  ❞❡ ❧❛ ❝♦♠♣❛ ❡ 




















❋✐❣✳ ✺ ✕ ❚ ❛   ❞❡ ❧❛ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉✱    ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥   ❡  ❝♦♥  ❛✐♥  ✳
▲❛ ✜❣✉ ❡ ✺  ❡♣   ❡♥ ❡ ❧❛ ♣✉✐  ❛♥❝❡ ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉ ❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡ ❡  ❜♦♦    ❛♣✱
❜❛     ✉  ❧❛ ✈❡  ✐♦♥ HC3 ❞✉ ❍❈❈▼❊✱ ❝❛❧❝✉❧ ❡ ❛✈❡❝ ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ♦✉ ♥♦♥✲❝♦♥  ❛✐♥  ✳
❙✐ ♦♥ ❝♦♠♣❛ ❡ ❧❡   ❡    ❜♦♦    ❛♣ ❜❛     ✉  ❧❡     ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥   ❡  ❝♦♥  ❛✐♥  ✱ ❝✬❡    
❞✐ ❡ ❇❍❈✸ ❝♦♥  ❡ ❇❍❈✸❝✱ ♦♥ ❝♦♥  ❛ ❡ ✉♥ ❧❛ ❣❡ ❣❛✐♥ ❞❡ ♣✉✐  ❛♥❝❡ ❞❛♥  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞❡     ✐❞✉ 
❝♦♥  ❛✐♥  ✳ ❈❡ ❣ ❛♣❤✐ ✉❡ ♠♦♥  ❡  ✉✬✉♥  ❡   ❜❛    ✉  ❧❡     ✐❞✉  ❝♦♥  ❛✐♥   ❡   ❧❛ ❣❡♠❡♥ 
♣❧✉  ♣✉✐  ❛♥   ✉✬✉♥  ❡   ❜❛    ✉  ❧❡     ✐❞✉  ♥♦♥✲❝♦♥  ❛✐♥  ✱ ♥ ❛♥♠♦✐♥  ♦♥ ♣❡✉  ✈♦✐   ✉❡ ❧❛
♣✉✐  ❛♥❝❡  ❡  ❡ ❜❡❛✉❝♦✉♣ ♣❧✉  ❢❛✐❜❧❡  ✉❡ ❝❡❧❧❡ ❞✬✉♥  ❡   ❛ ②♠♣ ♦ ✐ ✉❡ ❡✣❝❛❝❡ ▼❈●✳
❯♥ ❞❡ ♥✐❡  ❛ ♣❡❝  ✐♥   ❡  ❛♥  ❝♦♥❝❡ ♥❡ ❧❛ ❞✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ♦❜ ❡♥✉❡ ♣❛  ❧✬✉ ✐❧✐ ❛ ✐♦♥
❞✬✉♥  ❡   ❜♦♦    ❛♣ ♣❧✉     ✉✬✉♥  ❡   ❛ ②♠♣ ♦ ✐ ✉❡✳ ❉❛✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✷✵✵✷✮ ♠♦♥  ❡♥ 
 ✉❡  ✐ ❧❛ ♣✉✐  ❛♥❝❡ ❡   ❝♦  ✐❣ ❡ ❞✉ ♥✐✈❡❛✉✱ ❧❛ ❞✐✛  ❡♥❝❡ ❡♥  ❡ ❧❛ ♣✉✐  ❛♥❝❡ ❞✬✉♥  ❡   ❜♦♦    ❛♣
❡  ❝❡❧❧❡ ❞✬✉♥  ❡   ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡✈ ❛✐     ❡ ❞✉ ♠ ♠❡ ♦ ❞ ❡  ✉❡ ❧✬❊❘  ❞✉  ❡   ❜♦♦    ❛♣✳ ❊♥
❞✬❛✉  ❡   ❡ ♠❡ ✱  ✐ ❧✬❊❘  ❞✬✉♥  ❡   ❜♦♦    ❛♣ ❡   ♥ ❣❧✐❣❡❛❜❧❡✱ ❧❛ ❞✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ❡♥  ❡
❧❡  ❡   ❛ ②♠♣ ♦ ✐ ✉❡ ❡  ❧❡  ❡   ❜♦♦    ❛♣ ❞❡✈ ❛✐     ❡  ❣❛❧❡♠❡♥  ♥ ❣❧✐❣❡❛❜❧❡✳ ❉❛♥  ❧❛ ✜❣✉ ❡ ✺✱
✶✷ ✐ ♦♥ ❝♦♠♣❛ ❡ ❧❡   ❡    ❜♦♦    ❛♣ ❡  ❛ ②♠♣ ♦ ✐ ✉❡✱  ❡ ♣❡❝ ✐✈❡♠❡♥  ❍❈✸ ❝♦♥  ❡ ❇❍❈✸ ♣✉✐  ❍❈✸❝
❝♦♥  ❡ ❇❍❈✸❝✱ ♦♥ ❝♦♥  ❛ ❡  ✉❡ ❧❡  ❞✐✛  ❡♥❝❡  ❞❡ ♣✉✐  ❛♥❝❡  ♦♥   ❡❧❛ ✐✈❡♠❡♥  ❢❛✐❜❧❡ ✳
❉❡  ❡①♣  ✐❡♥❝❡   ✉♣♣❧ ♠❡♥ ❛✐ ❡  ♠♦♥  ❡♥   ✉❡  ✐ ♦♥ ❝♦♥ ✐❞  ❡ ❧❡  ❞✐✛  ❡♥ ❡  ✈❡  ✐♦♥  ❞✉
❍❈❈▼❊✱ ❧❛ ❞✐✛  ❡♥❝❡ ❞❡ ♣✉✐  ❛♥❝❡ ❡        ❢❛✐❜❧❡ ❡♥  ❡ ❧❡   ❡    ❜♦♦    ❛♣ ❜❛     ✉  ❧❡ 
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